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Topic: Interval Estimation

Point estimates of a parameter value are of limited usefulness without information about the uncertainty inherent in the estimate.  We can correct this limitation by producing an interval of values that we believe is likely to contain the unknown parameter value.  They key to this procedure is understanding the sampling distribution of the statistic.

Example 1: Ages of Mothers

The file agemom.mtw contains data gathered as part of the 1998 General Social Survey.  Each mother reported what their age was when they gave birth to their first child.  Column 1 contains data on 1199 American mothers. For now, consider this as your population.  Column 2 contains data from a sample of 35 mothers from this population.

(a) Create a visual display of the sample data.  Describe the distribution.  Calculate the mean and standard deviation for this sample.  Record these values below with appropriate symbols.

(b) Create a visual display for the population data, and calculate the population mean and standard deviation. Record these population values below with appropriate symbols.  Describe the distribution.

(c) Is the distribution of the sample similar to that of the population?

(d) If we took another sample, we would necessarily get the same sample mean?

(e) If we were to repeatedly take samples of 35 mothers from this population, what does the Central Limit Theorem tell you about how the resulting sample means would vary?  [Be sure to refer to shape as well as to center and spread, giving values for the mean and standard deviation of this distribution.] Draw a sketch of the approximate sampling distribution, carefully labeling the horizontal axis.

(f) According to the empirical rule, what proportion of sample means would you expect to fall within two standard deviations of the mean?

(g) If all we had known was the sample mean 
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for the 35 mothers, do you expect it to be close to or far from the population mean ?

Since the sampling distribution for the sample mean is approximately normal (n>30), we expect 95% of sample means to be within 2 /
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 of .  Thus, once we observe a sample mean, if we go +2 /
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 in either direction, there is a good chance you will “capture”  in that interval.

(g) Use Minitab to take another sample of 35 mothers from the population in C1:


MTB> sample 35 c1 c3

Then use Minitab to compute the sample mean and to go two standard deviations in each direction:


MTB> let c4(1) = mean(c3)-2*4.885/sqrt(35)


MTB> let c4(2) = mean(c3)+2*4.885/sqrt(35)

Is the population mean  =22.519 in between these two values?

(h) Copy and paste these three commands until you have taken 25 samples. Keep a tally of whether or not each interval contains the population mean.  

(i) Combine your results with the rest of the class. What proportion of these samples led to an interval that did capture the population mean? Is this value close to what you expected?  Explain.

We refer to these as 95% confidence intervals because if we were to repeatedly take random samples from the population and construct intervals in this manner, then in the long run 95% of those intervals would succeed at including the value of the population mean .

This multiplier value of “2” is only an approximation for producing 95% confidence.  The exact value is 1.96, because P(-1.96<Z<1.96)=.95, where Z denotes a standard normal distribution.  You can choose the confidence level to be whatever you want and find the corresponding multiplier.  In general, a 100(1-)% confidence interval for a population mean  is given by: 
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+z/2 /
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, where the critical value z/2 is the value from the standard normal distribution such that P(Z>z/2)=/2.  The technical conditions required for this procedure to be valid are:

· Population normal or n large (n>30)

· Simple random sample from population of interest

(j) Use the standard normal table to find the appropriate value of z/2 for a 90% confidence interval.  Then use this value to form a 90% confidence interval for  based on the sample in C2.

(k) In reality, the 1199 mothers are actually a random sample from the population of all American mothers, so now let denote the mean age when first giving birth for all American mothers.  Suppose the population standard deviation is still  =4.885, and calculate a 95% confidence interval for .  What is the main difference between this interval and the ones you examined above? Why does this make sense?

The general form of a confidence interval is: point estimate + margin of error, where the margin of error can be considered as (critical value)((standard deviation of estimate).

Example 2: Seat Belt Usage

A Harris poll of 1011 adult Americans conducted on January 16-21, 2002 found that 81% report wearing a seat belt regularly.

(a) Is 81% a parameter or a statistic?  What symbol do we use to represent it?

(b) Define the corresponding population parameter p in words.

(c) Do you believe that 
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 exactly equals p?  Why or why not?

(d) Use what you know about the sampling distribution of 
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, including the standard deviation of that distribution, to suggest a formula for a confidence interval for p.  Can you calculate this interval exactly?  Can you approximate it?

(e) Calculate this interval.  Then determine the half-width of the interval: (upper endpoint - lower endpoint)/2.  

(f) Harris reported a “margin of error” of three percentage points associated with this survey.  How does this number compare with your answer to (e)?

(g) Write a one-sentence interpretation of what this interval says and why you are “confident” that it contains the actual value of p.

In general, a 100(1-)% confidence interval for a population proportion p is given by: 
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. The technical conditions required for this procedure to be valid are:

· n
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 > 10 and n(1-
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)> 10  

· Simple random sample from population of interest

(h) Calculate a 99% confidence interval for p, and comment on how it differs from the 95% interval.

(i) Suppose that the sample had consisted of 267 Americans rather than 1028 (one-fourth as many).  Determine a 95% confidence interval for p.  Comment specifically on how the width of this interval compares to the width of the one based on the larger sample.

Example 3: Literary Digest Poll

In 1936, the Literary Digest magazine conducted the most extensive (to that date) public opinion poll in history. They mailed out questionnaires to over 10 million people whose names and address they had obtained from telephone books and vehicle registration lists. More than 2.4 million people responded, with 57% indicating that they would vote for Republican Alf Landon in the upcoming presidential election.

(a) Use Minitab to construct a 99.9% confidence interval for p= actual proportion of all adult Americans who preferred Landon over Roosevelt.  [Hints: Select Stat > Basic Statistics > 1 Proportion. Click the button next to Summarized data. Enter n in the Number of trials box (2400000) and X in the Number of successes box (determine and then enter 2400000*.57).  Click the Options button and change the Confidence level to 99.9, leaving the rest alone.  Click the box next to “Use test and interval based on normal distribution.”]  Record the confidence interval from this output and write a one-sentence summary of the result.

(b) In the actual election, incumbent Democrat Franklin Roosevelt won the election, carrying 63% of the population vote.  Explain why the above confidence interval did such a poor job of predicting the election result.
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