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Topic: Central Limit Theorem Calculations 

The Central Limit Theorem (CLT) 

Let X1, X2, …, X​n be a random sample from a distribution with mean  and variance 2. Then if n is sufficiently large, 
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has approximately a normal distribution with mean and variance 2/n.
E(
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) =  (always true)

V(
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) = 2/n (always true if observations are independent/random sample) 

Normality follows if n>30 or population is normal to begin with.

Example 1: Suppose a communication company sells aircraft communication units to civilian markets.  Next month’s sales depend on market conditions that cannot be predicted exactly, but the company executives predict their sales through the following probability estimates:


x
25
40
65


p(x)
.4
.5
.1

(a) What is the expected number of units sold in one month =  = E(X)?

(b) Determine the variance 2 of the number of units sold per month.

(c) Suppose we wanted to examine the distribution for 
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 for n=2 months.  Based on your reading, how would we determine the exact probability distribution of 
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? 

(d) Suppose we wanted to examine the distribution based on 
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 for 3 years (n=36 months).  Based on the central limit theorem, what can you say about the sampling distribution of 
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?  [Be sure to mention shape, center, and spread.] Also draw as sketch of this sampling distribution and be sure to indicate a label and numerical scale on the horizontal axis.

(e) Use the above to approximate the probability that the average number of units sold in 36 months is 40 or higher.  You can first use the above mean and standard deviation to standardize 40 and use Table A.3. Or choose Calc > Probability Distributions > Normal.  Use Cumulative probability and specify the appropriate mean and standard deviation for the sampling distribution, entering 500 as the input constant.  Be sure to use proper notation to express this probability as well, P(
[image: image8.wmf]X

>40) and shade the corresponding area in the above graph.

(f) Would this probability increase or decrease (or stay the same) if the number of months were to increase?  Explain.

(g) Use the CLT to approximate the probability that the mean number of units sold in 36 months is between 35 and 40.

(h) Would this probability increase or decrease (or stay the same) if the number of months were to increase?  Explain.

Example 2: Suppose that the weights of bags of potato chips coming off an assembly line are normally distributed with mean =12 ounces and standard deviation =0.4 ounces.

(a) What is the probability that one randomly selected bag weighs less than 11.9 ounces?  [First, define your random variable.  Second draw and label a sketch of the probability distribution and shade the region whose area corresponds to the probability of interest, then calculate.]

(b) If you took a random sample of ten bags, would you expect the probability of their sample mean weight being less than 11.9 ounces to be greater or less than the probability found in a)?  Explain, without performing the calculation.

(c) Calculate the probability asked about in the previous question.  [Define your random variable, draw and label a sketch of the sampling distribution. and shade the region whose area corresponds to this probability.]  Does this probability indicate that a sample mean as small as 11.9 ounces would be surprising if the population mean were really 12 ounces?

(d) Repeat this analysis, for a sample of 100 randomly selected bags.  Would 
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<11.9 be surprising?

(e) If you were told that a consumer group had weighed randomly selected bags and found a sample mean weight of 11.9 ounces, would you doubt the claim that the true mean weight of all of the potato chip bags is 12 ounces?  On what unspecified information does your answer depend?  Explain.

(f) Which of your above answers to would be affected if the distribution of the weights of the bags was not normal but was rather skewed?

(g) What is the probability that the sample mean weight from a sample of 10 randomly selected bags would be between 11.75 and 12.25 ounces?  

(h) What is the probability that the sample mean weight from a sample of 100 randomly selected bags would be between 11.92 and 12.08 ounces?

(i) Find a value k such that the probability of the sample mean weight of 1000 randomly selected bags being between 12-k and 12+k is roughly 0.95.  In other words, between what two 
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 values do the middle 95% of the 
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 values fall?  

Note, the empirical rule tells us that 95% of 
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 values should be within roughly 2 (really 1.96) standard deviations of the population mean, where SD(
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)=/
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.

(j) Suppose the population mean weight  was actually 11.9 ounces.  Calculate the probability that a sample of 10 bags would result in a mean weight within + .25 of the population mean = 11.9 ounces, i.e., between 11.65 and 12.15.

(k)  Now suppose the population mean weight was actually 11.5 ounces.  What do you expect to be the probability that a sample of 10 bags would result in a mean weight within + .25 of this population mean?  Explain.

(l)  Now make the more realistic assumption that you do not know the value of the population mean . What can you say about the probability that a sample of size 10 would result in a sample mean weight within + .25 of the actual population mean?  In other words, what proportion of samples will result in a sample mean within .25 of the actual population mean?  Explain

(m) Suppose we didn’t know , but did observe 
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 =  11.92 ounces for a sample of size n=10 bags.  What values are  are plausible based on this value of 
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?  Determine the range of value of  that are within two standard deviations of 11.92.
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